We develop various topological notions on four-manifolds of Kleinian signature (− − ++). In particular, we extend the concept of 'Kleinian metric homotopy' [1] to non-orientable manifolds. We then derive the topological obstructions to pinKlein cobordism, for all of the pin groups. Finally, we discuss various examples and applications which arise from this work.
I. Introduction
Let M be any smooth four-manifold,then we say that a metric g on M is of Kleinian signature if it has signature (− − ++). In recent work [1] , we derived the topological obstruction to spin-Klein cobordism, and in this paper, we treat the interesting and non-trivial problem of extending this work to non-orientable manifolds.
An orientable Kleinian manifold (M, g) has orthonormal frame bundle τ (M) with structure group SO(2, 2). We say that M admits a spin structure if and only if there exists a 2 − 1 covering,τ (M) −→ τ (M), such that the following diagram commutes:
where Spin(2, 2) is the double cover of SO(2, 2). When M is non-orientable, one cannot reduce the tangent bundle τ (M) to a bundle with structure group SO(2, 2); indeed, τ (M) can only be reduced to a bundle with structure group O(2, 2). In analogy with the above construction, we then seek all groupsŌ(2, 2) which are double covers of O(2, 2); that is, we seek all groupsŌ(2, 2) so that the following sequence is exact:
In fact (see eg. [2, 3] ), there are eight distinct such groups which are double covers of O(2, 2). Following Dabrowski [2] , we will call these covers the pin groups for Kleinian signature and write them as with a, b, c ∈ {+, −}. In order to interpret the signs a, b and c, it is convenient to keep some of the terminology from Lorentzian geometry. Thus we will say that a vector v ∈ T p (M) is spacelike if g(v, v) > 0, timelike if g(v, v) < 0, and null if g(v, v) = 0. Now we recall that O(2, 2) is not path connected; there are four components, given by the identity connected component, O 0 (2, 2), and the three components corresponding to 'space' inversion S, 'time' inversion T , and the combination of these two, ST (i.e., O(2, 2) decomposes into a semi-direct product 1 , O(2, 2) ≃ O 0 (2, 2) ⊙ (Z 2 × Z 2 )). By 'space' inversion, we mean reflection about a plane, v ⊥ , perpendicular to some spacelike vector v; likewise, 'time' inversion is reflection about a plane perpendicular to a timelike vector. The signs of a, b, and c then correspond to the signs of the squares of the elements in Pin a,b,c (2, 2) which cover space inversion, time inversion, and a combination of the two respectively.
Indeed, with these conventions we can write out the explicit form of the groups Pin a,b,c (2, 2); they are given by the semi-direct product [2] Pin
where the C a,b,c are the four double coverings of Z 2 × Z 2 , as outlined in ( [2] , [3] ).
On surveying the above constructions, one might wonder why we are concerned with developing the obstruction theory for Pin a,b,c (2, 2) fibre bundles, since with π 1 (O(2, 2)) ≃ Z × Z, and so there is no way that the pin bundles will allow us to represent all of the information contained in the tangent bundle in a simply-connected manner [3] . Indeed, if we wished to represent the information in τ (M) in a simply-connected manner, we would seek a bundle ξ(M), with structure groupÔ given by the exact sequence
wheras the pin groups are given by the short exact sequence
It follows that any pin bundle P (M) (ie. any bundle with fibre Pin a,b,c (2, 2)) will not represent information in a simply-connected way. This means that at a point p ∈ M there exist paths ρ 1 , ρ 2 ∈ Pin a,b,c (2, 2) which might act on the fibre P (M)| p equivalently (in the sense that, for x ∈ P (M)| p , ρ 1 (x) = ρ 2 (x)), but with the property that ρ 1 and ρ 2 (viewed as curves in Pin a,b,c (2, 2)) are not homotopic. Indeed, one sees that the 'particles' corresponding to such a simply connected representation could have aribitrary fractional statistics and would be 'anyons' [4] . The point is that for both Riemannian and Lorentzian signature (in four dimensions) one obtains a simply connected representation of tangent bundle information by passing to a fermionic (or pin) bundle; it is only for Kleinian signature that this does not work and one needs to introduce some anyonic structure.
At any rate, these mathematical considerations aside, the primary reason why we wish to understand the obstructions to pin bundles comes from physics. In particular, recent work on signature change (see eg. [5] [6] [7] [8] ) has suggested that we should allow for regions of non-Lorentzian signature in our description of nature. The idea is that we should consider manifolds
so that the signature is said to 'change' across the three-surfaces Σ and Σ ′ , which are generically taken to be stationary with respect to the ambient four-metrics). If one is going to assert that there are 'regions' of Kleinian signature, then one should try to make sense of field theory [8] in signature (− − ++). In particular, one must make sense of the Dirac equation:
where
ab . Solutions of (1) will generically take values in some pin bundle, and so this is one reason the cobordism problem is so interesting. There are other physical applications for Kleinian signature manifolds, including the N = 2 superstring theory [9] . In this theory, the Weyl anomaly cancels provided the string propagates in a four-dimensional target space, and if the worldsheet has Lorentzian signature then the target space must have Kleinian signature.
II. Klein metric homotopy
We wish to understand the topology of Klein metrics on four-manifolds which are not necessarily orientable. The fundamental result we begin with is the following lemma of Steenrod [10] In [1] we restricted our consideration to fields of oriented 2-planes; that is, since we were only considering orientable four-manifolds M, we assumed that there were no closed loops, γ, in M around which we could propagate a 2-plane, P , and end up with the opposite orientation (of the plane P ). Technically, this meant that we assumed our plane fields to be sections of the fibre bundle over M with fibre G 2,4 ∼ = S 2 × S 2 , where G 2,4 is (by definition) the set of oriented 2-planes in R 4 . If, however M is non-orientable then there will exist loops in M such that, when we propagate plane fields around them, the orientation of the planes will be reversed as shown in Fig. 1 ). In this case, we must now define a plane field to be a section of the bundle of unoriented planes. That is, let G 2,4 denote the set of unoriented plane fields in R 4 . Then a field of 2-planes is a section of the fibre bundle with fibreG 2,4 .
This situation is reminiscent of what happens in Lorentzian geometry when one passes from the study of time-orientable geometries to non-timeorientable geometries ( [3, 11] ); there, one passes from a vector field to a 'line' field (i.e., an undirected or unoriented vector field). However, the analogy should not be taken too far. In Lorentzian geometry, non-time-orientability is a serious matter since it implies that we have no local notion of an 'arrow of time', and thus many of our thermodynamical notions become tenuous.
For Kleinian geometry, there is no 'arrow of time', since at a point there is a '2-plane's' worth of timelike directions. In other words, when we identify a Kleinian metric g with a 2-plane field P , we can essentially take P to be the plane spanned by the set of timelike directions (at each point). Indeed, in this paper we will always take P to be a 'timelike' plane field. It follows that there is no sensible notion of causal structure, or of causality, in a Kleinian manifold. In fact, there are 'closed timelike curves' through every point, as shown in Fig. 2 . One can always just 'rotate' into one's own past. Indeed, 'time' itself has a chirality (i.e., the orientation of the plane field P ). These considerations, if anything, make it clear that orientability is less relevant in Kleinian geometry than it is in Lorentzian geometry. Now that we have made sense of what we mean by a 'field of unoriented 2-planes', we need to consider the obstruction to constructing such a 2-plane field which is globally non-singular. To do this, we first examine the details of Hirzebruch and Hopf's [12] original treatment of the subject.
Let M be an oriented smooth manifold, and P some field of oriented 2-planes on M. Generically, P will be singular on a finite set of points, {p 1 , p 2 , ..., p n } in M. Each singularity p i of P will have associated to it an index. The index of the singularity p i is the homotopy type of the map (defined by the plane field P ) from a little three-sphere, S 3 (p i ), surrounding p i to G 2,4 . Such homotopy classes are in one-to-one correspondence with elements of π 3 (G 2,4 ) ≃ Z ⊕ Z. Thus, the index of P at p i is classified by a pair of integers (intuitively, this index measures the 'winding' of P as one moves around S 3 (p i )). We denote the index of P at p i by the symbol ind(P, p i ). Since there are generically finitely many singular points p i , one can form the index of P on M:
In [12] Hirzebruch and Hopf developed a result which gives the exact form of the index for orientable manifolds without boundary. The statement of their result is as follows:
Let M be an oriented compact four-manifold without boundary. Let H denote the free abelian group H 2 (M, Z)/torsion subgroup, and let S denote the intersection pairing on H defined by the cup-product (ie. S defines a map from H ⊗ H to Z by taking the cup-product of elements in H and evaluating them on the fundamental orientation class of M). Define the coset W ⊆ H/2H by w ∈ W if S(w, x) = S(x, x) mod 2 for all x ∈ H. Finally, let Ω denote the set of integers {S(w, w)|w ∈ W }, then we have [12, 13] We wish to be able to calculate the index of a plane field on a nonorientable manifold, and thus it is instructive to examine the proof of this theorem to see exactly which steps are invalid when one passes to the nonorientable case.
To begin with, recall that the Stiefel manifold, V 2,4 , is defined to be the set of oriented dyads
It is clear that any dyad {v 1 , v 2 } induces a plane P (ie. P is spanned by v 1 and v 2 ) and so we have the inclusion
Likewise, we can consider the Stiefel manifoldṼ 2,4 of unoriented dyads in R 4 ; then we have the inclusionφ :Ṽ 2,4 −→G 2,4 . Now, in [12] the construction begins by considering the skeleton [14] of M. Let M 1 denote the 1-skeleton, M 2 the 2-skeleton, etc., then we always can put a dyad field {v 1 , v 2 } (a section of the fibre bundle with fibre V 2,4 orṼ 2,4 ) on the 2-skeleton. If M is oriented, we can take this dyad field to be oriented; if M is not oriented, we will generically have to take the dyad field to be unoriented. We then want to extend the dyad field on M 2 to a dyad field on M 3 . In the oriented case, the obstruction to doing this is w 3 (M) [14] , the third Stiefel-Whitney class of M. Of course, for a compact oriented M, w 3 (M) = 0, and so one is able to conclude [12] that the obstruction to extending a plane field to all of M must be an element of
When M is not oriented, it might be thought that there is some other obstruction to extending a dyad field (and thus a plane field) from M 2 to M 3 . However, this is not the case. Although Wu's formula [14] shows that w 3 (M) can be non-vanishing for M non-oriented, w 3 (M) will no longer be the obstruction to extending the field P to M 3 since we are now allowing the plane field to be unoriented. Indeed, the obstruction to this extension vanishes as long as P is a section of aG 2,4 bundle. It follows that the obstruction to extending an unoriented plane field P over an unoriented four-manifold M is an element of H 4 (M; π 3 (G 2,4 )). But G 2,4 is the 2 − 1 cover ofG 2,4 and so
Thus, in both the oriented and non-oriented cases, the obstruction to extending P over M is an element of H 4 (M; Z ⊕ Z). At first, this may seem strange, since for a non-orientable manifold M, H 4 (M; Z) ≃Z 2 , and so the total index would seem to be an element of
and so the index is only defined 'up to parity'. However, as we shall see, the parity of the index is the only thing relevant in the construction of our obstructions.
Before continuing with the derivation of the form of the index, it is necessary to recall some elementary topological objects which we will make use of later. To begin with, we have that a manifold M admits a globally defined metric of Kleinian signature if and only if the tangent bundle of M (τ (M)) can be globally decomposed into the Whitney sum
where τ + is the subbundle of τ (M) generated by 'spacelike' vectors and τ − is the subbundle generated by 'timelike' vectors. Let w 1 (M) = w 1 (τ (M)) denote the first Stiefel-Whitney class of M. As is well known [14] M) ) can be decomposed as
We shall adopt the notation w Let us denote the second Stiefel-Whitney class, w 2 (M) = w 2 (τ (M)). Recall that this class vanishes if and only if M admits a spin structure. Now as in [3] , we can apply Wu's formula and obtain the identity:
where '⌣' is the cup product [14] . Since we are allowing M to be nonorientable, we work in Z 2 -coefficients and write the intersection pairing
This is defined by h(x, y) = x · y = (x 2 ⌣ y 2 ) ⌢ w 1 , where x 2 , y 2 ∈ H 2 (M; Z 2 ) satisfy x 2 ⌢ w = x and y 2 ⌢ w = y, w ∈ H 4 (M; Z 2 ) is the fundamental homology class and '⌢' denotes cap product. Taking the dual of equation (4) yields the intersection pairing on H 2 (M; Z 2 ). As we saw in [3] , the following result of Kervaire and Milnor [15] holds even for non-orientable M:
Lemma 2. Let M be a smooth four-dimensional manifold. Let u(∂M) (the mod 2 Kervaire semi-characteristic) be given by
u(∂M) = dim Z 2 (H 0 (∂M; Z 2 ) ⊕ H 1 (∂M; Z 2 )) mod 2
Then the rank of the intersection pairing, h, satisfies rank(h) = (u(∂M) + e(M)) mod 2 where e(M) is the Euler number of M.
It is now easy to check [3] that rank(h) = 0 if and only if w 2 + w 1 ⌣ w 1 = 0 mod 2.
Combining this observation with Lemma 2 then yields

Lemma 3. Let M be a smooth four-dimensional manifold with tangent bundle τ (M). Then
We have now developed enough mathematical machinery to calculate the index of a non-orientable plane field on a general (not necessarily oriented) four-dimensional manifold M. Our basic strategy is the following: If M is oriented, we are done (we just apply the Hirzebruch-Hopf result, Theorem 1). If M is not orientable, we pass to the oriented double cover,M , of M and apply Theorem 1 onM . We then 'push down' the plane fieldP onM , under the projection π :M −→ M, and deduce the form of the index of P = π * (P ) on M. Since any plane field P on M can be so obtained, we thus derive the general form of the index on M.
Suppose then we are given some smooth four-dimensional manifold M without boundary, with Klein metric 'g K ' defined on M. As we have seen, the metric corresponds to some two-plane field P on M. The singularities of the metric g K therefore correspond to the singularities of the plane field P . Construct the (oriented) 2 − 1 cover over M, denotedM, with projection π :M −→ M. Now lift the plane field P (which will generally be a section of aG 2,4 bundle, B, over M) to a plane fieldP overM (whereP will now be a section of a G 2,4 bundle,B, overM ). SinceM is oriented, we know the form of the total index ofP onM is, by Theorem 1,
where σ = σ(M ), χ = χ(M ). As in [1] , we find that
where m and n are some integers. It follows that we must have
We must now determine how the parity of χ(M ) is related to the parity of χ(M). To do this we introduce a new invariant:
Definition: Let M be a smooth four-dimensional manifold with boundary 
Thus, U(∂M) measures (modulo 2) the total number of torsion generators of H 1 (∂M) which are 'destroyed' when we pass to the double cover.
For example, suppose that ∂M ∼ = S 1 × RP 2 , then u(∂M) = 1 since RP 2 has a torsion generator; and ∂M ∼ = S 1 × S 2 so u(∂M ) = 0, hence U(∂M) = 1. Similarly all the torsion generators are destroyed if we take ∂M ∼ = RP 3 . On the other hand, there are torsion generators which do not completely 'unwrap'. For example, take ∂M ∼ = S 1 × K, where K denotes the Klein bottle. We then find that u(∂M) = 0, where one of the H 1 (∂M) factors is torsion, and that ∂M ∼ = S 1 × T 2 has u(∂M ) = 0. Hence U(∂M) = 0, which makes sense since the torsion generator in K lifts to a non-trivial loop in T 2 . We must also introduce another new invariant, which we define as follows:
Definition: Let M be a smooth four-manifold, with or without boundary. Then we define the element δ(M) ∈ Z 2 as follows:
Now suppose we are given a manifold M with boundary ∂M. LetM and ∂M denote the respective double covers. Then by Lemma 3, we have
Thus, we see that χ(M) + U(∂M) = χ(M ) mod 2 if and only if
We therefore obtain 
There are three cases to consider:
If (i) holds, then M andM are both spin, and so we trivially have δ(M) = 0.
If (ii) holds, thenM is spin, but M is not. It follows that there exists some two-cycle c ∈ H 2 (M) such that w 2 [c] = 0, and that this two-cycle lifts (under π :M 
Finally, case (iii) again implies that neither M norM is spin. However,
Thus, U(∂M) + δ(M) ∈ Z 2 is an invariant which tells us whether the Euler number of a manifold M has the same parity as the Euler number of the double cover,M , of M. For convenience, we will henceforth write
Suppose we are given some four-dimensional manifold M with boundary ∂M and its double coverM . Next form the 'double' [1] of each manifold, ie. we double M to get 2M, andM to get 2M. 2M is then the oriented cover of 2M. As in [1] , we have that
and so the index of any plane fieldP on 2M becomes
where m, n ∈ Z. We also know that
and so we obtain
We can assume that there are an equal number of singularities in each 'half' of the double 2M. As in [1] , we then push all of the singularities over ∂M into one of the halves. Then by construction, one of the halves of 2M is free of singularities, and taking this half we have constructed a non-singular plane field on M. The degree of the map from ∂M toG 2,4 (defined by the plane field) must be, combining equation (14) with Lemma 4,
As in [1] , we shall call this degree the Klein kink of the metric g K (determining the plane field) with respect to ∂M and we denote it kink(∂M; g K ) .
Combining the above, we obtain Theorem 2. Let M be any smooth four-dimensional manifold with boundary 
Thus for an arbitrary non-singular Klein metric g K on M, the parity of the kink number of g K on ∂M is completely determined.
III. Obstructions to pin structures
As detailed in the Introduction, there are eight double covers of O(2, 2), which we denote h a,b,c : Pin
where a is the sign of the square of space inversion, b is the sign of the square of time inversion, and c is the sign of the square of the two combined. The obstructions to constructing a globally well-defined bundle, with fibre Pin a,b,c (2, 2), can be deduced using the constructions in [3] . Indeed, we obtain the following: With these results, we can now investigate the obstructions to pin-Klein cobordism.
IV. Obstructions to pin-Klein cobordism
In this section {Σ i |i = 1, ...n} will always denote some collection of closed three-manifolds. Proof. (⇒) Suppose such a pin-Klein cobordism, M, exists. Then by Theorem 2, we know that
(since the Kleinian metric g K is non-singular). Furthermore, by Theorem 3, we must have
and by Lemma 3, we know that
Thus, combining equations (16), (17) and (18), we obtain
(⇐) Conversely, suppose equation (19) holds. Take any globally defined Klein metric g K on M, then we must have
Hence w 2 = 0, and so M is pin-Klein with the pin bundle fibre being Pin +,+,± (2, 2).
Using the above proof as a model, we also obtain: 
where k i is either of the integers in kink(∂M; Thus we see that the obstructions to Pin a,b,c (2, 2) cobordism depend only on boundary data (ie. u(∂M) and kink(∂M; g K ) = (k 1 , k 2 )), the values of a, b ∈ {±}, the choice of orientation (ie. w Finally, we note that in all the above Corollaries, the expression u(∂M) + k i + I(M, ∂M) may be replaced by the expression u(∂M )
V. Examples and Applications
The constuctions introduced in this paper have many applications to theoretical physics. We now give some examples and applications. Example 1. Let K denote the Klein bottle and T ∼ = S 1 ×S 1 the Torus. Then form a Kleinian metric on M ∼ = K × T by taking the product metric formed by using the natural negative definite metric on K and the natural positive definite metric on T . Although M is non-time orientable (since traversing the orientation-reversing loop in K inverts the timelike sub-bundle), M is still spin since w 2 (K) = 0, and so all Pin a,b,c (2, 2) structures are allowed on M.
Now suppose that we take M to be the product space M ∼ = RP 2 ×T where, as above, we endow M with the natural product metric such that RP 2 is timelike. Then we clearly have w Thus not all pin structures will be allowed. Indeed, one easily calculates that Pin +,+,± (2, 2) and Pin −,+,± (2, 2) structures will not be allowed, whilst Pin +,−,± (2, 2) and Pin −,−,± (2, 2) are allowed.
Example 2. An interesting application is to Kaluza-Klein type theories in which some of the internal dimensions are allowed to be timelike. We could take the ground state of such a theory to be a manifold of the form M × S 1 where M is a Lorentzian three-manifold, and the internal space S 1 is timelike. Then the total metric on M × S 1 would have signature − − ++, and the obstruction to this metric being non-singular would again be the condition that there exists a plane field. We could even allow the Kleinian metric to 'spin around', so that the internal space fluctuates from being timelike to being spacelike ( so that the signature of the spacetime M would change from − + + to + − −). That is, in terms of the effective three-dimensional theory, this would correspond to 'signature change'.
In general, in order to produce a non-singular theory, we may wish to consider manifolds M with Kleinian, or even more exotic, signatures. For example, if M ∼ = S 2 ×S 2 then M does not admit a non-singular Lorentz metric, but does admit a non-singular Klein metric. Such choices will generically change the types of Pin structures which are admitted in the Kaluza-Klein (or other) type theory.
Example 3. There has been considerable interest recently in the study of signature changing spactimes [5] [6] [7] [8] . In an extension to the example given in [1] we note that we can have the nucleation of a single Kleinian region across
